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Let X be a Banach space, B a closed ball centered at the origin in X, and T: 
B +X a pseudo-contractive mapping (i.e., (A - 1) 11x - ~111 < ll(V - T)(x) - 
(AI- T)(y)(l for all x, y E B and 1 > 1). It is shown here that the antipodal 
boundary condition: T(x) = -T(-x) for all x E SB assures existence of a fixed 
point of Tin B provided that the ball B has the fixed point property with respect to 
non-expansive self-mappings. Also included are some fixed point theorems which 
involve the Leray-Schauder condition. 
Let X be a (real) Banach space and D a subset of X. An operator T: 
D +X is said to be k-pseudo-contractiue (k > 0) (see [9]) if for each 
u, v E D and 1 > k: 
(A - k) II u - 4I< IlW - T)(u) - W - T)(o)ll. 
For k < 1 (k = 1) such operators are said to be strongly pseudo-contractive 
(resp., pseudo-contractive). 
In addition to generalizing the non-expansive mappings (mappings T: 
D + X for which 11 T(x) - T( y)ll < 11x - ~11, x, y E D), the pseudo-contractive 
mappings are characterized by the important fact that a mapping T: D + X 
is pseudo-contractive if and only if the mapping f = I - T is accretive on D 
(see [ 2, 5 I), i.e., for every U, u E D there exists j E J(u - v) such that 
where J: X+ 2” is the normalized duality mapping which is defined by 
It is well known that if D is a bounded open convex subset of a uniformly 
convex Banach space X and if T is a non-expansive mapping defined from 
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the closure D of D into X, then the Leray-Schauder boundary condition 
which asserts that for z E D: 
(L-S) 7-(-u) -z # 1(x - z) for all ,Y E SD and 1 > 1. 
(60 denotes the boundary of D) is sufficient of guarantee existence of a fixed 
point for T. (This fact is due to Browder [3 1.) In view of this. an interesting 
open question is whether the result mentioned above holds for the class of 
continuous pseudo-contractive mappings. The answer is known to be affirm 
mative 17. Theorem 6 1 under the additional assumption that T is defined on 
an open set G containing D for which dist(G, x\D) > 0. 
Our main objective here is to study the question mentioned above under 
two different boundary conditions apparently stronger than (L ~ S). b! 
examining more closely the behavior of the mapping I- rT for some r > 0. 
We also turn our attention to the study of m-accretive operators. (An 
accretive operator TI D +X is said to be m-accretice if (I + rT)(D) = X for 
some (hence all) r > 0). Within the framework of spaces X whose bounded 
closed and convex subsets have the fixed point property for non-expansive 
self-mappings, we show that if I - T: D +X is m-accretive and if C is a 
bounded open neighborhood of -Y,,, s, E D, for which the condition (L-S 1 is 
fulfilled for all .Y E (SU) n D, then T has a fixed point. Finally. we obtain a 
new fixed point theorem for a class of the so-called generalized contractir~e 
mappings (in the sense of Belluce and Kirk [ 11) under the Leray-Schauder 
condition. 
We add that the main motivation for the study of generalized contracti1.e 
mapping emerges from the fact (see 161) that if D is a bounded open convex 
subset of .Y and T: D-+X is continuously F-differentiable on D, then T is a 
generalized contraction on D if and only if I/ T-tl/ < 1 for each s in D, where 
T-J is the Frichet derivative of F at ,Y in D. 
Throughout this paper we use B(x: 6) to denote the closed ball of a 
Banach space X centered at .K E X with radius 6 > 0. 
In what follows, we shall require Proposition I (below) which is a special 
case of Theorem 1 of 191. 
PROPOSITION I. Let X be a Banach space. D an open subset of X and T 
a continuous strorlg-lg!v pseudo-contractice mappings on fi into X. Suppose 
there e.Csts z E D such that 
T(x) - z # qx - z) for xE6DandA > 1. 
Then T has a fived point in 0. 
We state now the main result of this note. 
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THEOREM 1. Let X be a Banach space and B a closed ball centered at 
the origin in X, and suppose B has the fixed point property kth respect to 
non-expansitje self-mappings. Suppose T: B -+X is a continuous pseudo- 
contractive mappings, bvhich satisfies 
T(x) = -T(-x) for xE6B. (1) 
Then T has a fi-ued point in B. 
Proof. Let x E 6B. By pseudo-contractiveness of T, we have for 1 > 1, 
2(A - 1) I(~11 < II(lZ - T)(x) - (AZ - T)(-x)ll = llllx - T(x) + Ax - T(x)11 
which yields 
(A - 1) I/XII < IjAx - T(x)JI. (2) 
Let r E (0, l), let 4’ E B and define T,.: B +X by T,.(x) = rT(x) + (1 - r) J’. 
Then if T,(x) = ax for x E 6B and a > 1, we have by (2) 
(I. - 1) IIxI( < IlAx -r-lax + r-~‘(1 - r)yjl 
= II@ - r-‘a)x + r-‘(1 - r)yll, 
and thus by choosing A = r-la we conclude that 
II-4 G ++llYll < llYll* 
This contradicts x E 6B. Therefore T,. satisfies condition (L-S) on 6B, and 
since T, is strongly pseudo-contractive, Proposition 1 implies that there 
exists x E B such that T,(x) =x, i.e., rT(x) + (1 - r)~ = x and so 
(I - rT)(zc) = (1 - rj y. proving Z - rT maps B into (1 - r)B. The pseudo- 
contractiveness of T implies 
(r~-’ - 1) IIu - ~‘11 < Il(r-‘Z- T)(u) - (r-II-- T)(c)ll, 
yielding 
(1 - r) llu - 4 < IIV - rT)(u) - U- rT)(~)lL u, c E B. (3) 
Thus (I - rT)-’ exists and maps (1 - r)B into B. Since B has the fixed point 
property, the mapping H = (1 - r)(Z- r7’-‘, which is non-expansive (by 
(3)), has a fixed point in (1 - r)B from which it follows that T has a fixed 
point in B. 
The following is an immediate consequence of Theorem 1. 
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COROLLARY 1. Let X be a uniformly com~es Banach space and B a 
closed ball in X centered at the origin. Let T: B + X be a continuous pseudo- 
contractive mapping satisJVing condition ( 1) of Theorem 1. Then T has a 
.fi.red point in B. 
Remark I. Corollary 1 has been proved under the assumption 
(I ~ T)(B) is closed (see 1121) for the case when X is any Banach space. 
Theorem I and Corollary I appear to be new. 
THEOREhf 2. Let X be a Banach space and B = B(i. d) a closed ball oj‘ 
A’ bi,hich possesses theJi.ued point propert!* \cYth respect to nowespansire selJ 
mappings. Suppose T: B + X is a continuous pseudo-contractire mapping. 
and suppose there exists j E J(s ~- z) for which 
(.K - T(x), j) > 0 for s E b‘B. II) 
Then T has a jked point in B. 
ProoJ: By replacing T(s) with T(s + z) - z one may take i = 0 in (4) 
(and thus by assumption 0 E B). Suppose J’ E B and define the mapping 7;. : 
B -+ X by T,.(s) = rT(x) + (1 - r)>, for a certain fixed r in (0. I ). We prove 
now that T, satisfies the Leray-Schauder condition on 6B. Let s E 6B and 
T,(s) = U.K. 
Then by (4) we have 
a(x. j) = (rT(x) + (1 - 1.))‘. j) 
< r(x. j) + (1 - r)(x. j) 
since (.u, j) = lIsJ/’ and //ylI < lixl[; it follows that (;L < I. Now the argument 
follows as in Theorem 1 which implies that T has a fixed point in B. 
Remark 2. Theorem 2 has been proved by Petryshyn [ I1 1 under the 
additional assumption that T is a k-set-contractive mapping (for some 
k>O). 
THEOREM 3. Let X be a Banach space fbr rtvhich each non-enzptj’ 
bounded closed convex subset has the jked point propert!’ for non-expansive 
self-mappings. and let T: D c X -+X a mapping such that I - T is n- 
accretive. Then T has a fked point in D if and on& if there exists x,, in D 
and a bounded open neighborhood U of x0. such that 
T(x) - x0 # A(x -so) forxE &In DandA > I. 
The following proposition will be used in the proof of Theorem 3. 
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PROPOSITION 2. Let X be a Banach space and D a subset of X with 
0 E D. Suppose T: D-+X is a mapping such that I - T is m-accretive. Then 
there e.xists a mapping v/z (1, 00) -+ D defined b.v 
w(A) = +vA 3 where WA ) = Ax.1 .
Moreover, this mapping y has the following properties: 
(i) y is continuous on (1, co), 
(ii) tf U CX is an open neighborhood of the origin for which 
T(x) f Ax for x E (SU) f~ D and A > 1, then x., E U for all ,I > 1. 
Proof The existence of w is an immediate consequence of the definition 
of m-accretivity. 
(i) Let 1. ,U > 1. Then by the pseudo-contractiveness of T. 
(A - 1) IIx.\ - -y,II G IIW - TN-~,) - W- ‘THx,)/I. 
Thus 
II ul@) - v/cu)ll <IIX, II IA -PI/@ - 1). 
(ii) Let 1 > 1. Then 
II W.,)I/ = 1 II-~.,.\ G k II T(oW(~ - 1). (6) 
If A + +co, then x~\ + 0. Hence there exists & > 1 such that x.~, E U. Since 
by (i) the set of eigenvectors is connected, it follows by (ii) that x.\ E U for 
all A > 1. 
Before proving Theorem 3 we observe that, by denoting f, = (I + r)l - rT 
for r > 0, the m-accretiveness of I - T implies that f,(D) = X. Moreover. the 
mapping g, : X + X defined by g, = f; ’ is non-expansive. 
Proof of Theorem 3. As before, by replacing T(x) with T(x +x,,) - x,, 
one may take x0 = 0 in (5) (and thus by assumption 0 E D). Suppose now 
T(x) # x for all x E D, then by Theorem 1 of [S], lim,,, ]I g,.(O)]] = co. On 
the other hand, lim,,,, g,(O) = 0 (by (6)). Since the mapping v/(r) = g,.(O) is 
continuous (by Proposition 2(i)), there exists r positive for which g,(O) E 
6U n D. By denoting x, = g,(O), we obtain T(x,) = (1 + r)x,/r which implies 
that x, E U (by Proposition Z(ii)+a contradiction. 
We now prove the necessity. Suppose T(x,) =x0 for some x0 in D. Select 
any bounded open neighborhood U of x0. Suppose T(x) - x0 = 1(x - x0) for 
some x E 6Ur-1 D. Since I - T is accretive we have 
(x - x0 - 1(x - x,), j) > 0 
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for some j E J(x - x0), which implies that (1 - A) 11,~ - x”J/’ > 0. i.e., 1 ,< 1. 
We thus conclude the Leray-Schauder condition (5) 
Before turning to our last result we recall that T: D c X-1 X is said to be 
a generalized contractive mappings (see [I]) if for each .Y in D there exists a 
number o(x) < 1 such that 
for all J E D. 
THEOREM 4. Let X be a reflexive Banach space and D an open com’ex 
subset of X with 0 E D. Let T be a generalized contractive mapping of D into 
X such that for each x in the boundary of D, T(x) # Ax ifA > 1. Then T has 
a fixed point in 0. 
Proof: Let T(x) = AX for II > 1. Then 
II Ax - W)ll < 40) I/-y II 
and thus 
II-4 G II WUll(l - 40)). 
where a(0) < 1. Hence the set 
E = (x E D: T(x) = l.x for some i > 1 } 
is bounded. 
For t E (0, 1) the mapping tT is a contraction which satisfies the Leray- 
Schauder condition on 6D. then tT(x) =x for some x E D (see 14. 101). 
Choose now T(x,) = A,,x,, with 13” + 1+ and x, E E. Then IIs,, - T(x,)ll + 0 
as II’CO. Let L = lim SUP~+~, ~IxJ. Then the set K = (sE 0: 
lim supnds 11 ?I - X, 11 < L } is a non-empty, bounded, closed, convex subset of 
0. Since I/ T(x) - ~,,ll < /Ix - x,I/ + II T(x,) -x,, I/, K is also invariant under 
T. Hence T has a fixed point in D (by Corollary 2 of [ 1 I). 
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